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Abstract 

We consider type IIB string in the two plane- wave backgrounds which may be interpreted 
as special limits of the Ad S3 x S 3 supported by the NS-NS or R-R 3-form backgrounds. 
The NS-NS plane-wave string model is equivalent to a direct generalization of the Nappi- 
Witten model, with its spectrum being similar to that of strings in constant magnetic 
field. The R-R model can be solved in the light-cone gauge, where the Green-Schwarz 
world-sheet theory reduces to a system of free fields: 4 massive and 4 massless copies of 
bosons and fermions. We describe the string spectra of the two models and study the 
associated asymptotic density of states. We also discuss a more general class of exactly 
solvable plane-wave models with reduced or completely broken supersymmetry which are 
obtained by adding twists in two spatial 2-planes. 
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1. Introduction 

Plane-wave backgrounds are exact solutions of string theory (see, e.g., |L],[|,|3|||,|5| , and 
for a review). Certain NS-NS plane- wave backgrounds with non-zero 3- form field cor- 
respond to (gauged) WZW models |f?|,^i|9| JIO| , |Il| , p^| . More generally, a class of gravitational 
plane-wave backgrounds lead to exactly solvable (in terms of free oscillators in light-cone 
gauge) class of non-compact curved-space (super) string models, where one can explicitly 
find the string spectrum and compute simplest correlation functions in much the same 
way as in flat space. As was recently realised []TE| , |n] , |To' |, this solvability property applies 



to string models corresponding not only to the NS-NS but also to certain R-R [ |16| , |17| 
plane-wave backgrounds. 

The simplest gravitational plane-wave metric 

ds 2 = dudv — K(u, x)du 2 + dxidxi 

solves the vacuum Einstein (and, in fact, full string-theory) equations provided did l K = 
(i = 1, ...,D — 2). Particular solutions are K\ = Wij(u)xiXj with wu = or K 2 = j^p^a 
(for x 7^ 0). Fixing the light-cone gauge, u = 2a'p u r, we thus get the following effective 
Lagrangian for the transverse coordinates: 

L = d+Xid-Xi - V(t, x) , V = (a'p u ) 2 K(2a'p u T, x) . 

This gives a quadratic, and thus exactly solvable, string theory in the case of K\ (but not 
in the case of K^). For example, one may consider K = w(u)(x 2 — x|), solve explicitly the 
linear classical string equations, and then perform the canonical quantization (cf. 0,3)- 

The trace-free condition on the matrix Wij following from the Ricci-flatness of the 
metric implies that the corresponding quadratic potential V is not positive definite in at 
least one of the directions.0 It is possible to obtain models with non-negative V by adding 
extra fields with constant null field strengths which produce non-vanishing (uu)-component 
of the stress tensor and thus change the condition u>u = into w„ = F 2 > 0. As a result, 
the (non-trivial part of) corresponding string spectrum becomes discrete. For example, the 
Nappi-Witten (NW) background which has a non-zero NS-NS 3-form field H u i2 = —2f 
as well as the plane- wave metric with K = f 2 (x 2 + x 2 ,). 



1 As a result, the corresponding light-cone string spectrum (i.e. spectrum of H = —\p v ) is 
continuous. For constant w this is clear, for example, from the form of the target-space Laplace 
operator written in momentum representation in (u, v) directions: V 2 —>■ df — (p u ) 2 WijXiXj —p u p v - 
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The same plane- wave metric may be supported by different combinations of NS-NS or 
R-R backgrounds, leading to different string models with different properties. For example, 
the metric with K = f 2 (x\ + ... + x|) can be supported by the 5-form background leading 
to the string model |IB| , |I1| , |II)(] with maximal supersymmetry [T^], or by a combination of 
NS-NS and R-R 3- form fluxes giving a model with 1/2 of maximal supersymmetry. 

Here we shall study in detail two superstring models which represent fundamental 
strings propagating in the the same plane-wave metric supported by two different - "S- 
dual" - backgrounds: the NS-NS 3-form field in one case, and the R-R 3-form field in 
another. These string models are of interest, in particular, because they are related by a 
special limit to the AdS 3 x S 3 models with NS-NS and R-R 3-form fluxes, respectively. 



As was discussed in [|1C|, starting with a string model in generic NS-NS background and 
applying a boost combined with a rescaling of coordinates and a! — > limit (i.e. performing 
a string-theory generalization of the Penrose limit ||) one finishes with a particular plane- 
wave string model associated with the original background. In the case of the NS-NS 
AdS 3 x S 3 model, i.e. SL(2, R) x SU(2) WZW theory, this limit produces a plane- 

wave model which is a direct generalization of the NW model, i.e. the WZW theory for 
the group J7|. The direct light-cone gauge solution of the corresponding superstring 
model was previously given in |T8| , |T9| . 

The same limit can be applied to string models in R-R backgrounds.i The plane- wave 
model obtained as the limit of the AdS 3 x S 3 R-R model is very similar to the R-R 5-form 
plane- wave model [13] which is the Penrose limit |T7|,14] of the AdS$ x S 5 string model. 
Following |H|,[15| here we shall determine the corresponding light-cone gauge form of the 
superstring action and find the string spectrum (similar final result for the spectrum was 
given earlier in Appendix C of |14| ) . 

In section 2 we shall discuss the actions of the two equivalent NS-NS superstring 
models (which are essentially the 2-parameter generalization of the NW model), one having 
non-diagonal in (w, %i) target space metric but chiral 2-d structure (with the interaction 
term in the light-cone gauge action having the form of coupling to a constant magnetic 
field background) while another having the "standard" plane-wave metric. Their relation 
via the Penrose limit to the AdS 3 x S 3 NS-NS model will be reviewed in section 3. In 
section 4 we shall present the light-cone spectra of the string states of these two NS-NS 
models. 



2 For a detailed discussion of the Penrose limit at the supergravity level in the general NS- 
NS/R-R background see f2^|T||l]] . See also refs. [p2[p[ extending to AdS 5 x M 5 cases. 
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The R-R model will be considered in section 5. We shall first determine the structure 
of the corresponding quadratic Green-Schwarz light-cone gauge action, and then solve the 
classical equations and quantize the theory in a similar way as in [p~3| , p~5[1 . We shall also 
demonstrate that the zero-mode (supergravity) part of the spectrum coincides with the 
corresponding part of spectrum of the NS-NS model, as expected from S-duality symmetry 
of type IIB supergravity. 

In section 6 we shall study the asymptotic (large light-cone energy) form of the density 
of states dg of the string spectra. We shall argue that in both the R-R and the NS-NS cases 
the leading behaviour of dg is the same as in flat space. This is the expected conclusion, 
since the dependence of the string spectrum on the curvature scale should become negligible 
at large level numbers. 

In section 7 we shall discuss generalizations of the NS-NS models to less supersymmet- 
ric cases by adding Melvin model type twists in the two spatial 2-planes. One particular 
case we shall consider corresponds to compact light-cone directions, were supersymmetry 
is broken unless the two curvature parameters (as well as the two twist parameters) are 
chosen to be equal. The resulting string spectra have rather non-trivial form and may be 
of interest in other contexts as well. We shall note also that compactifying the light-cone 
directions in the R-R model reduces the number of supersymmetries by half. 

Section 8 will contain some concluding remarks. 



2. Generalized plane wave models with NS-NS 3-form background 

Here we shall consider two equivalent conformal models, the bosonic parts of which 
are special cases of (see ||)0 

L = d + ud-v+K(u, x)d + ud-u+2Ai(u, x)d + ud-x % +2Ai(u, x)d + x t d-u-\-d + x l d-x l . (2.1) 

2.1. Bosonic actions 

When Ai = this model and its direct type II superstring generalization || are 
conformally invariant provided 

- X -d 2 K + d % d u A % = , &Tu = . (2.2) 

3 We shall use Minkowski world-sheet coordinates with = t±<j, and d± = ^(do±di). The 
string action is S = —^7 J d 2 a L. The space-time light-cone coordinates are u = y — t, v = y + t. 
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A particular case 

K = , A{ = —-^TijX 3 , Tij = const , (2-3) 

i.e. 

L = d + ud-v + J r ijX l d + ud-X :j + d+x l d-x l , i,j = 1, n , (2.4) 

can be interpreted as boosted products of group spaces, or, equivalently, as spaces 
corresponding to WZW models for non-semisimple groups (see |[24|| ) . The NW model |7| 
is the simplest (D = 4, n = 2) example with Aj = —je^xK @ 

Here the NS-NS 2-form has the non-trivial components B u j = ^TijX 1 , so that H u ij — 
—Tij. The corresponding Lorentz connection with torsion (uj± = u±^H) has the following 
non-zero components [[5] 

u_ iL ~ i = ]-diKdu + Tijdx 3 = Tijdx 3 , = -Tijdu , = (^cUf - d u Ai)du = . 

(2.5) 



Another conformal model we shall consider is! 

L = d + ud-v — WijX l x J d + ud-u + -J r i jX t (d + ud-x : > — d-ud + x^) + d^d-x 1 , (2.6) 

w ■ ■ = - T ■ T ij 
Below we shall be interested in the case when 

Wij = f 2 $ij , i,j = , (2.7) 

where n is the dimension of x % space, n = 2 corresponds again to the D = 4 NW model 
0: T ij = 2fe ij . 

The two models ([274]) and ( |2.6| ) have the same 3-form field and their metrics are related 
by a it-dependent coordinate transformation: w-dependent rotations in the independent x l 
planes where Tij is non-zero (see next section and for n = 2 also fl~2],|5|,|2~5|| ) . When u is 



non-compact, the two models are thus equivalent. These models have the R-R analogs 
where the NS-NS 3-form is replaced by the R-R one. 



4 These cr-models (or corresponding non-semisimple WZW models) can be obtained ||l0| by 
singular boosts and rescalings of levels from semisimple WZW models based on direct products of 
SL{2,R)_ k , SU(2) k and R factors. The models (|27J) , (f27J) , can be formally related by 0(d,d;R) 
duality to the flat space model Q in the same way as for the D = 4 NW model [§J3[. 

5 To check normalizations note that R uu = —\d 2 K = wu, \H u ijH u ij = \TijTij. 
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The models (2~4") or (2J5) are exactly solvable since in the light-cone gauge u ~ p u r 
the transverse theory becomes gaussian. The same happens also in the fermionic sector. 
The solution of the bosonic n = 2 model (i.e. the NW model) interpreted as a WZW 
theory was discussed in 1. In the general case of compact u (periodic u + v coordinate) 



it was solved explicitly in [IS]. In the case of non-compact u its solution in the light-cone 



gauge was also discussed in P5|j . The supersymmetric case of NW model was discussed 



from WZW CFT point of view in [11]] and was solved explicitly in the light-cone gauge in 
||19|| . Below we will generalize the string spectra found in []18| , |T9|| to the n = 4 (i.e. two 
2-plane) case, i.e. where 



T kl =2he kl (M = l,2) 



Fk>v = '2f 2 e k 'i' (k', I' = 3, 4) , 



(2.1 



so that (p.6|) becomes (we ignore free decoupled coordinates) 



L = d+ud-v - (ffx 2 k + flx 2 k ,)d + ud-u + d+x k d-x k + d+x k ' d-x k ' 



+ fiehix k (d + ud-x l — d-ud + x l ) + f2^k'vx k (d + ud-x l — d-ud + x 



(2.9) 



The n = 4 model we shall be interested in is related by a limit to AdSs x S 3 NS-NS model 
where Tij is the 4x4 self-dual constant matrix, i.e. 



fx = h = / 



;2.io) 



so that (|2.9|) takes the following explicit form 



L = d+ud-v - f{x\ + xl,)d+ud-u + d+x k d-x k + d+x k ' d-x k ' 



+ f\e i jx' l (dj r ud-X :j — d-ud+x^) + ei>j>x l (d+ud-X^ — d-ud+x^ )] . 



:2.iD 



2.2. Fermionic actions 



Let us now discuss the fermionic terms in the corresponding sigma model action. The 
fermionic part of (1,1) supersymmetric model corresponding to ( j2.4| ) is P, |T%| . |Ti^ |il 

Lf = iptd-ipl + ^L^-tpi + Fijd-^ipLtpL + V'i^+V'i + ^rQ+^r ~ ^ijd+u^-ij/^ . (2.12) 



The hatted indices are tangent-space indices, with only ip v being different from ip v . 



In the light-cone gauge 

u = 2a'p u r, = (2.13) 

it becomes 

l f = r L d-r L + - oi v u T l3 w R ■ ( 2 -i4) 

The coupling to Tij here is similar to a coupling of a superparticle to a magnetic field. 

The analogous light-cone gauge action corresponding to the model has "mag- 

netic" couplings in the both left and right sectors, with the opposite signs (reflecting 
opposite H3 contributions) 

L F = </4,(M- + \a'p u T ij )^i + r R ^jd + - ~a'p u FijW R . (2.15) 

Like the bosonic actions, the two fermionic actions ( |2.14| ) and (|2.15| ) are related by coor- 
dinate rotations in each eigen-plane of Tij with phase proportional to fkU. 

The corresponding fermionic actions in the Green-Schwarz approach are also quadratic 
if one chooses the light-cone gauge 

u = 2a'p u r , Y U 6 I = . (2.16) 

Then the only coupling to the background is through the spinor covariant derivatives 
(d + \uj±rhnX' mn )- In the case of the background corresponding to (|2.4|) 



D+9 = d9 - ^FijT^du 6 , D_9 = dd + -T i:j T ui dx j d , (2.17) 



so that in the light-cone gauge one is left with the quadratic action containing one extra 
term compared to the flat space GS action (cf. ( |2.14[ )) 

L F = iS L dS L + iS R (d+ - l -a'p u F l3l ^)S R . (2.18) 

Here Sl, S r are the 50(8) spinors. This action has the same structure as ( |2.14j ), found in 
the NSR approach. 

The light-cone GS action corresponding to the model (|2.6| ) has, like (|2.15|) , both left 
and right fermions coupled to p u Tij (here u±ij = ^hj-ijdu) 

L F = iS L (d- + la'p u T lJ Y J )S L + iS R (d+ - \a'p u r tJ ^)S R . (2.19) 



Again, the two actions ( |2.18| ) and (|2.19|) are related by a local Lorentz rotation of the 
space-time fermions. 
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2.3. Supersymmetry 

Let us comment on supersymmetry of these models. As is well known, pure plane- 
wave background (with H^p = 0) preserves 1/2 of maximal space-time supersymmetry 
(see, e.g., p6| , [27[1 ) .B In the presence of a H U ij = the form of the light-cone Green- 

Schwarz action (|2.19| ) corresponding to ( pDD (or (|2.18| ) corresponding to ( |2.4|) ) implies that 
the Killing spinor equations are (d u =F \TijY % ^)9L,R = 0, diO^^R = 0, with Y u 9l,r = 0. 
When u is non-compact as in the case we are interested in here, one can always solve 
these equations for any Tij and find a consistent Killing spinor. Thus the amount of 
supersymmetry is the same (i.e. 1/2) as in the absence of H3 background (see P,|27j). 

If u is a compact coordinate (as in the "magnetic" models of JTB| , [E)| ], see also section 7), 
then the models (|2.4|) , (|2.18|) and (|2.6| ) , (|2.19| ) are no longer equivalent (for generic values of 
the background field parameters) and have different amounts of space-time supersymmetry. 
In the case of the "crural" model (|2.4| ),( |2~T8|) considered in [j5], |il||19f constant shifts of 
SO(8) spinor Sl are always a symmetry, while there is no symmetry in Sr sector for 
generic Tij. This model will thus have additional supersymmetry in the Sr sector, i.e. 
the two-parameter generalization of the constant magnetic model of will preserve 
8+4 real supersymmetries in the fi = ji case (analogous mechanism is at work in the 
supersymmetric magnetic models of [p8| ). 

In the case of the model (|2.6|) , (|2.19|) with compact u all supersymmetry will be again 
broken if Tij is generic. However, fractions of supersymmetry may be preserved for special 
choices of Tij. For example, for a self-dual Tij, i.e. in the case of f± = ji-, there will 
be constant Killing spinors in both Sl, and Sr sectors of ( |2.19D provided they satisfy 
(712 +j3i)SL.R = 0, i.e. 7i234<Sx, R = S l ,r- Thus ( |2.19| ) will preserve 1/4 of the maximal 
number of supersymmetries, i.e. will have 8 real supercharges. 



3. "Plane-wave" limit of AdS?, x S 3 string sigma model 

The model (fH|) arises as a limit of AdS 3 x S 3 with 3-form flux or SL(2, R) x SU(2) 
WZW model following the limiting procedure described in [[10],[17|]. This limit can be taken 
directly in the string sigma model action (which remains invariant under the corresponding 



7 The existence of a global supersymmetry (i.e. the analog of the flat space invariance of the 
GS action under 9 -> 6 + e, e A -> e A + i^T^DO 1 , e A = e^dx") is the same as the Killing spinor 
condition De = 0, i.e. (d u — \ fiXiT lu )e I = 0, die = 0. It has solution e = eo=const, where 
T u eo = 0, i.e. we get 1/2 of maximal supersymmetries preserved. 
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rescaling of coordinates and parameters) or separately in the metric and B^ v . Let us start 
with the following parametrization of the metric of AdSs x S 3 

ds 2 = f 2 [-(l + r 2 )dt 2 + -^4 + rW x + (1 - rlW + + r 2 d<p 2 ] . (3.1) 

Let us rescale r\, r 2 by e, / — > f/e, set 

t = u, ip = u+-e 2 v, (3.2) 

and consider the limit e — > 0. @ This gives us the plane- wave metric: 

ds 2 = dudv - f 2 x 2 du 2 + dx i dx i , i = 1, 4 , (3.3) 

where we have introduced Cartesian coordinates x l , 

efa^dx* = dr\ + r\ip\ + dr\ + r\dy\ , 

and made a finite rescaling of v and x % by powers of /. The components of B^ v are found 
by the same limiting procedure, with the overall rescaling compensated by rescaling of /. 

The final result is the plane- wave sigma model action (|2.11|) . Note that if t is non- 
compact, both u and v are non-compact in the limit e — > 0: the period of v which is equal 
to 87r/e 2 becomes infinite. 

For generality, in what follows we shall keep fx , /2 parameters arbitrary. The case 
of fi = /2 corresponding to the limit of AdS% x S 3 has SO(4) invariant metric, but this 
symmetry is in any case broken down to SO (2) x SO (2) by the antisymmetric tensor terms. 

The model ( [Q| ) is equivalent to 

L = d+ud_v + 2f 1 e kl x k d+ud-x l + 2f 2 e k , v x k ' d+ud-x 1 ' + d+x k d_x k + d + x k ' d_x k ' . (3.4) 

The lagrangian ( |3.4j) is a particular case of (|2.4|) with block-diagonal 4x4 matrix Tij. In 
polar coordinates in the two planes it takes the form 

L = d+ud-v + 2fir 2 d + ud-(pi + 2fir\d+ud-y<2, 

+ d + rid-ri + r\d + ipid-(fi + d + r 2 d-r 2 + r\d+<p 2 d-<p 2 . (3.5) 

8 The rescaling of the size of the space f 2 = R 2 /a' is equivalent to a' — > 0, explaining why the 
resulting background solves string equations to all orders in a' . 
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The model ( |2.9|) (corresponding to the metric ( p.3| ) for f\ = f 2 ) is related to ( |3.5|) by the 
sigma model field redefinition I 



<Pi = fi - fiu , ¥2 = <p' 2 ~ hu ■ (3.6) 

Indeed, it transforms (|3.5|) into 

L = d+ud-V — (fi r\-\- f 2 r 2 )8 + ud-U + 8 + rid-ri +rld + (f' 1 8-cp' 1 + d + r 2 d-r 2 + r 2 d + (p' 2 d-ip 2 
+ firl(d + ud-(p[ - d-ud+pi) + f 2 rl(8 + ud-(p' 2 - 8-ud + ^ 2 ) , (3.7) 



which is equivalent to (|2.9|) . 



The fermions are included in a straightforward way, according to (|2.15| ) for (|2.9|) and 

( CT) fo r (EO 



4. Solution of the NS-NS plane wave superstring model 

Below we shall first discuss the spectrum of the two models (|3.4|) and ( |2.9| ). We shall 
only consider the case of y = ^(u + v) being non-compact when they are equivalent (cf. 
Q3.6| )) and are related to the plane- wave limit of the Ad S3 x S 3 theory. In the light- 
cone gauge they are simply direct products of the NW model discussed in so the 
spectrum is readily obtained from the previous results. 



The conformal model ( |3.4j ) can be solved by a simple extension of the single 2-plane 
case (f 2 — 0) studied in [|18| for the bosonic case, and [19| for the supersymmetric case. 
Let us set (note that t is different from t in ( ft.2| )) 



u = y-t, v = y + t, (4.1) 



In [|T8| , p!9[ , the coordinate y was compact describing a circle of radius R. In the limit R — ► 00 
we are interested in here the charges Ql, Qr of []T!| become equal (only zero winding sector 
contributes) and are replaced by the momentum operator p y with continuous spectrum. 



9 Prom the target space point of view this is a coordinate transformation combined with the 
gauge transformation — ► + 2d[ A1 A„], A« = uftijX 3 . Note that this coordinate transfor- 
mation is globally defined as long as u is non-compact. If u is compact, a similar redefinition in 
the two planes corresponds to twists considered in connection with "rotating" NS5-NS1 system 
(related to rotating 5-d black holes [J29|) in [ |30| and also (in the case when u is replaced by a 
space- like coordinate) in connection with the Melvin-type "magnetic" models in ||2^| . 
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The generalization of the superstring expressions in [18,19] is then as follows. Let 
Nr and Nl denote number of states operators, which have the standard form as in free 
superstring theory (in the NSR approach) Nr,l = Nr ; l — a , = 0, a^ NS ^ = \ 

(explicit expressions can be found in []T9|j31[] ). Let us introduce the angular momentum 
operators J\ = J\ 2 and J 2 = J34, which generate rotations in the respective 2-planes (i.e. 
generate shifts in fi and ip 2 ). They contain contributions of both bosonic and fermionic 
oscillators for the respective coordinates (of the same form as in flat space) and can be 
written as follows: 

Js = JsL + JsR , JsL = IsL + 2 + S sL , J S R = ~ l S R ~ r + $sR , S = 1,2 , (4.2) 

where the orbital momenta in each plane Il,r = 0,1,2,... are related to the Landau 
quantum number I and radial quantum number k by / = II — In and 2k = II + Ir — \l\, 
and sr l are the spin components. For the type II superstring theory, the spectrum for 



R — > oo directly following from |T9[] may be written as 

E 2 ~vl = ^j(N L + NR)+ P 2 y - 4(p y + E){f x J 1R + f 2 J 2R ) . (4.3) 
a 

Here Nr — Nl = and the operators Nl,r and J s l,r have the standard flat-space form in 
terms of the bosonic and fermionic creation/annihilation operators for the corresponding 
coordinates. p a are momenta in additional 4 spectator directions, and E is conjugate to 
the time coordinate t. 

As expected on the basis of the supersymmetry, the above spectrum is tachyon free. 



This can be seen in a manifest way by writing (|4.3|) in the form 

[E + 2{hJ XR + f 2 J 2R )] 2 =p 2 a + ^(N l + N R ) + [p y - 2{f x J XR + f 2 J 2R )} 2 , (4.4) 

which shows that there is no state for which E has an imaginary component (note that 
N L ,N R = 0,1,2,...). 

In the present context, it is natural to use the light-cone energy H = —p u , conjugate 
to the coordinate u (which is actually the original time of AdSs, see ( |3.2| )). We have the 
relations 

p u = \{Py-E), p v = ^(p y + E), p u = 2p v , p v =2p u . (4.5) 
In terms of p u ,Pv the light-cone energy spectrum takes the form 

H = -p u = ^ + -^{N L + N R ) - 2(A J 1R + f 2 J 2R ) , (4.6) 

QPv ZQt p v 
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i.e. 



H=^ + -±-H, H = N L + N R -2(m 1 J 1R + m 2 J 2R ) , m lj2 = 2a' Pv f h2 • (4.7) 
It has the same form of the Landau-type spectrum of a particle or open string in a constant 



magnetic field (see, e.g., |32[ for a review). 

The partition function vanishes by virtue of supersymmetry of the plane-wave back- 
ground. 



The equivalent spectrum can be found also starting with ( |2.9|) , i.e. the same model 
written in the rotated coordinate system (3J5). It is convenient to introduce the complex 



coordinates Z\ = x\ + ix 2 = rie tLPl and z 2 = xs + 1x4 = r 2 e ltp2 . Then ( pT9|) becomes 
L = d+ud-V + ( — f 2 z s z* s d + ud-u + d + z s d-z* s 

s=l,2 

+ ^if s [d+u(z s d-z* s - z* s d-z s ) - d-u(z s d+z* s - z* s d+z s )]). (4.8) 
The solution to the equations of motion can be easily found, e.g., by using the solutions of 



the model (|3.4[) (explicitly given in [^8|,|T9|) and performing the coordinate transformation 
(|3.6|) . In spite of the apparent mass term for the bosonic fields Zi,z 2 , the theory is again 
solved in terms of massless free oscillators. Since the equation of motion for u is d+d-U = 
we fix the light-one gauge u — 2a'p u T = 4a'p v r. Then the equations for z±, z 2 become 

d + d-z s + m 2 s z s + im s (d-z s - d + z s ) = , m s = 2a'p v f s , s = 1, 2 , (4.9) 

and thus are solved by 

Zs = e - 2im ^Z s , Z s = Z s+ (a+) + Z 8 -(a-) . (4.10) 

Because zi j2 (a + it) = ^1,2(0"), the free fields Z± j2 obey the twisted boundary conditions 

Z 1 (a + n)= e 2im ^Z x {o) , Z 2 (a + w) = e 2tm ^ Z 2 (a) . (4.11) 

The mass spectrum is then found in the canonical way, by computing the Virasoro operators 
and imposing the usual Virasoro conditions for physical states (which are explicitly solved 
in the light-cone gauge). 



10 In the bosonic theory, in the limit R — > 00 partition function becomes the same as the flat 
space partition function. 
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A shortcut to the explicit form of the spectrum is to relate the energy operator in 
the coordinate system corresponding to (|3.7|) to the energy operator ( fO| ) corresponding 
to ( |3.4j ). From the coordinate transformation (|3.6|) (with u' = u, v' = v), we learn that 

E> = 4 = 4 - ,h w, - > h w. = E + hh + sA ' (4 - i2) 

Hence = p u - /i Ji - / 2 J 2 , while p„ does not change, pj, = p w = \{p' y + E') = \{p y + E). 



Thus the spectrum is given by Q4.3p expressed in terms of E' , p' 



'y 



E ' 2 - p « = ^^L + N R )+p' y 2 -2(p' y +E')[f 1 (J 1R -J 1L ) + f 2 (J 2R -J 2L )} , (4.14) 
supplemented by N R — Nl = 0. Equivalently, the analog of ( f4.6|) is 

H = -p' u = + -^(N L + N R ) - h(J 1R - J 1L ) - f 2 (J 2R - J 2L ) , (4.15) 

QPv AOL p v 

i.e. (cf. qgp) 

H = ^ + i^r-n , H = Nl + N R - m 1 (J 1R - J 1L ) - m 2 (J 2R - J 2L ) . (4.16) 
4p v Zot p v 

For fi = f 2 = f this becomes simply 

H -t + ik^ L+flR) - f(SR - h) ' (4 - 17) 

Jr = JlR + J2R , Jl = JlL + J2L , 

i.e. is related to H in QOj) (with fi = f 2 ) by the shift if -> H + f(J R + J L ). This 
spectrum is equivalent to the spectrum given in appendix C of |TJJ] (which appeared while 
this paper was in preparation) with a proper identification of modes. 

Note that in spite of the presence of an apparent bosonic mass term in ( f4.8|) the 
spectrum has again the same "magnetic" form as in ( |4.6| ). 

String theory in these magnetic backgrounds is periodic under mi — > mi +2ni, m 2 — > 
m 2 + 2n 2 , with integer ni,n 2 (the periodicity in the case m 2 = is discussed in p^ , |l9| ). 
Under such shifts, the spectrum remains the same after relabelling the mode operators. 
This is clear from ( f!.16| ): the angular momentum components J± R , etc., appearing in this 
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expression have integer and half-integer eigenvalues. Shifts of mi, ni2 by even integers can 
be absorbed into integer shifts of iV#, Nz, which in turn can be produced by a relabelling 
of mode operators (that shifts the vacuum energy). 

The case of mi = m.2 — m is special: here the theory becomes periodic under m — > 
m + n, with n being any integer number. This can be understood by noting that the 
eigenvalues of Jr are always integer, so that a shift m->m + n can be absorbed into an 
integer shift of Nr,Nl. This periodicity follows also directly from the form of the string 
action. Consider in particular the "left" term in (|2.19| ), i.e. ~ Sx[<9o — <9i+m(7i 2 + 734)]Sx. 
Since 712+734 = 2712-P, P = 71234), by splitting Sl into two parts using the projector 
P (see also sect. 5.2), we conclude that the cr-dependence of the solution for the PSl = 
Sl part is given by exp(2ma"7 12 ). The boundary condition for the GS fermions is the 
periodicity under a — > a + n; this requirement is invariant under m — > m + 1, determining 
the periodicity of the spectrum. In particular, the string theory with mi = 1112 = 1 is 
equivalent to the theory with mi = 1112 = (i.e. to flat space). Without loss of generality, 
the values of m can thus be restricted to the interval < m < 1. 

5. Superstring model for plane-wave R-R 3-form background 

5.1. Lagrangian 

The S-dual to the above NS-NS background has the same plane wave metric corre- 
sponding to the limit of the AdS% x S 3 now supported by the R-R F 3 flux of the same null 
structure as H 3 (cf. Q2.8Q ) 

ds 2 = dudv — f 2 x 2 du 2 + dxf , (5.1) 

Puij = — , = = 2/ . (5-2) 

In general, it is possible to argue that given the above plane-wave metric supported by 
the R-R background F U i 1 ...i p ~ ^h.-.i =const, the only non-zero fermionic contribution to 
the type IIB superstring action in the K-symmetry light-cone gauge Y U 6 I = is quadratic 
in fermions and comes from the direct generalization of the fermion "kinetic" term in the 
flat-space GS action 

t(v ab Su - e ab psu)d a x rn e I T m (D b ) JK 6 K , (5.3) 
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where 9 are MW spinors (/ = 1,2) and ps =diag(l,-l). The derivative Z)& is the gener- 
alized covariant derivative that appears in the Killing spinor equation (or gravitino trans- 
formation law) in type IIB supergravity [|33| . Acting on the real MW spinors 9 1 it has the 
form 

Da = d a + \d a X k 



{l^mnk — -^H mn kP3)T rnrl — ( — F mn i T mnl pi + - — -^F mn i pq T m '' nlvq po)I \ 

(5.4) 



Here Pl =(° M and p Q = ( ° \ ) act in the /, J space. 



1 ) ru \-\ 
The non-zero contribution to the action comes only from this quadratic covariant 

derivative term where both d a x m factors in ( |5.3|) are replaced by d a u, i.e. (after fixing the 

bosonic light-cone gauge u = 2a'p u r) by 2a'p u 5™5 a ] - In the flat space light-cone gauge GS 

action the spinors 9 1 = 9r and 9 2 = 9l become the left and right moving 2-d fermions. 

The same happens in the plane-wave background, and the surviving fermionic interaction 

terms are proportional to 

(9 L T V T^9 L - dRrT^dR)^ 
in the H3 case (ps is diagonal), and to 

9,\-v -1 o h .;F,....,, 

in the F3 and F5 cases (pi and po are off-diagonal). In the F5 case we reproduce the result 
||13|| of the direct derivation of the GS action in the maximally supersymmetric plane-wave 
background of |l(| (see also |T5|| ). 

As expected, the fermionic interaction term has chiral (in 2-d sense) structure in the 
NS-NS case, but the non-chiral, "mass-term" structure in the R-R case. This leads to 
important differences in the properties (in particular, the spectrum) of the NS-NS and the 
R-R models. 

Explicitly, in the light-cone gaugell! 

u = 2a'p u r , ~/ u 9 I = , (5.5) 



11 We set to zero all background fields except H3, F3 and F$. 

12 In what follows we shall use the 16-component spinors and 16 x 16 7-matrices instead of 
32-component spinors and 32 x 32 T-matrices used above. Note that T u = T 9 — T°, F v = 

r 9 + r°, r u r u = 1. 
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where 6 1 = (6 R , 6l) are 16-component MW spinors, we finish withlll 



Lb + Lp , Lb = d + ud-V — m 2 x 2 + d + Xid-Xi + d + x a d-X a , (5-6) 

L F = ie Rl v d + 6 R + ie Ll v d-6 L - 2imd Ll v Me R , (5.7) 



M = -—T^ = --(7 12 + 7 34 ) ■ (5-9) 



m = a'p u f = 2a'p v f , (5.8) 

—Fiji" = --\ 

8f 3 1 2 

We have absorbed one power of p u in (|5.7|) by the rescaling 9 — > y/p^O. While the x^-part 
of the bosonic action has SO (4) symmetry, the corresponding symmetry of the fermionic 
action is only 50(2) x SO(2), i.e. is the same as the symmetry of the F3 background. 

The resulting action (|5.7|) is essentially the same as found in |l3j in the 5-form back- 
ground case. As in the action of ]13|] the fermionic interaction plays the role of the 2-d 
fermion mass term, mixing the left and right modes. Note, however, that here 

M 2 = --(l- 7 1234 ) (5.10) 

2 



is (minus) a projector, in contrast to the 5-form case |T3[ where the corresponding mass 
operator had its square proportional to 1. Thus only half of the fermions are getting mass. 
The 4 massive + 4 massless bosons are supplemented then by the 4 massive (2-d Majorana) 
fermions and 4 massless fermions. As in the flat GS action and the action of |13|] here the 
light-cone gauge GS action happens to have an effective 2-d supersymmetry. 

The amount of the space-time supersymmetry here is the same as in the "S-dual" 
NS-NS case. The AdS^ x S 3 background with the R-R 3-form flux preserves 1/2 of the 
32 supersymmetries, and its plane wave limit also has 16 super symmetries. Note that the 
restriction fi = ji is not necessary for the 1/2 of maximal supersymmetry of the R-R 
plane wave model, but such model is a limit of the corresponding AdS% x S 3 model where 
the equality of the radii of the two 3-dimensional factors is crucial for the supersymmetry 
(and also for the dilaton to be constant). The more general R-R plane- wave model with 
field strengths F u i2 = —2f%, F u s4 = —2/2 can be solved in a similar way as its fi = fi 
case considered below. 



13 Here a = 5, ...,8. We assume that all 7-matrices are real and symmetric, so that M and 
7"M are antisymmetric. 
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5.2. Solution of the string model 

The solution and quantization of this model is similar to the one described in the R-R 
5-form background case in [TB],|r5 . 



The equations of motion for Xi and the fermions following from ( |5.6| ), (|5.7| ) are 

d + d-Xi + m 2 Xi = , d + d-X a = , (5-11) 

d + 9 R - mM6 L = , d-d L -mMd R =0 . (5.12) 

As in flat space case, let us solve the light-cone gauge condition on fermions ( |5.5| ) explicitly, 
expressing 6l,,r in terms of 8+8 independent real fermions Sl,r (spinors of SO (8)). One 
can choose the following representation for the 16 x 16 gamma matrices: 

7 U -> / ® a + , Y -> I <g> o~ , 7 i -> 7* ® a 3 , 

where the new 7*'s are 8x8 gamma matrices of SO (8) group, cr's are Pauli matrices and 
/ is the 8x8 identity matrix. In this representation one is left with the upper-component 
spinor S, and the 16-component and 8-component gamma matrices with transverse indices 
are directly related, i.e. 7 12 — > 7 12 , 7 s4 — ■> 7 34 . Then ( ^.12|) takes the same form but now 
in terms of unconstrained 8-component spinors. In particular, we learn that 

d + d_S L , R - m 2 M 2 S LjR = , (5.13) 



where M now is 8 x 8 matrix of the same structure as in ( |5.9|) . 

Let us further split the fermions in the 8— >4+4 way Sl — > (Sl, Sl), S r — > (S R , S R ), 
so that 

^(Sl,h\ = (- S ^x) . (5.14) 



x Sl )R J \ Sl jR / 

One may solve the constraints in (|5.14j ) explicitly by reducing the spinors to independent 
4-component ones. For example, diagonalizing 7 12 so that 



Sl,r \ / ASl, R 



where A and E are 4x4 traceless antisymmetric matrices with eigenvalues ±z. we find 

M ( S L , R \ = ( ASl,r\ ; (5 _ 16) 



Sl,rJ \ 
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and eqs. ( |5.12| ) take the form 



d+S R - mAS L = , 



OSr-mAS 



R 



(5.17) 



d + S 



R 



(5.18) 



We are left with 4+4 independent degrees of freedom {S^S^), {S R ,S^), where a = 
1, 2, 3, 4 and A = 1,2, 3, 4. In what follows the explicit structure of the matrix A (i.e. the 
upper 4x4 block of 7 12 ) will not be important - only it square (= —I) will appear in the 
resulting Hamiltonian. 

Note that S£ R do not transform as an #0(4) spinor under rotations in (1,2,3,4) 
directions: the presence of 7 12 in its definition ( |5.15| ) breaks the SO (4) Lorentz symmetry 
down to SO (2) x #0(2), with the latter being the true global symmetry of the R-R 3-form 
background (|5.2j), i.e. of the fermionic sector of the string action (p.7|), and thus of the 



whole string theory (see [15| for a related discussion in the 5-form background case). 



Thus we finish with four massive 2-d bosons Xi and four massive fermions #£ R of 
the same mass m, as well as with four massless free bosons x a and four massless fermions 

Si,R- E 

The Fourier expansion for generic closed-string classical solutions x % can be written 

as 



x l ((j, r) 



il 



(4t 



-2iwQT 



it c 2i 



-a 'e 



U0T ) + 



00 

E 

n=l 



-2iw n r 



2ina 



+ ale- 2ina ] 



where 



e 2lw - T (a^e- 2xna + a£e 2in<T )] 



w. 



n 2 + m 2 



Wq = m 



I = V2a' 



(5.19) 



(5.20) 



Note that m and w n are dimensionless; we have introduced the string scale / to 
make the Fourier mode coefficients dimensionless. The canonical commutation relation 
[i l (o"), x J (a')] = — 2Tva'id(a — a')5 lJ then implies as usual 



la 1 a jt l = 5 5 lJ \a l a^] =5 5 lJ 



(5.21) 



14 In what follows we will omit the hat over S A , differentiating between S and S by type of 
their indices. 
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In addition, we have massless boson modes a", a" appearing in the expansion of x a . For 
the fermions, the solutions are 



c (S%e- 2lW0T + S^e 2iw ° T ) + J2 c n[e~ 2lWnT (S^e 2ina + S^e' 2 ™) 



n=l 



_|_ e 2iw n T ^ga-\ e ~2ina _|_ g' a] ^Zinay^ 



(5.22) 



Sl(a,r) = l 



c (S%e- 2lW0T + S^e 2 * w ° T ) + ]T c n [e- 2lw - T {S a n e- 2ma + S' n a e 2ina ) 



n=l 



_|_ ^2iw n T (^a\ ^2ina _j_ g' a] g~ 2ina^ j 



(5.23) 



where Co, c n are the normalization constants to be fixed below. The primed fermion modes 
5 , n a ,5' n a are related, according to to the first-order equation ( |5.17| ), to S®, S%, by which 
gives 

-n)(ASlr, (5.24) 



m 

i 

— ( 
m 



q'a\ — 
°n — 


1 ( 

[w 




m 




[w 


m 



and 



SS = i(A5 ) 



S at = -i(AS< 



(5.25) 
(5.26) 



In the zero-field limit m — > (i.e. / — > 0) we recover the standard flat-space Fourier 
expansions. Imposing the canonical commutation relations 



{Sl(a, r), S b L (a', r)} = 2na'5 ab 5(a - a') , {S%(a, r) : S b R (a\ r)} = 27ra'rt((j - a' 



6 



Jxabi 



and fixing the normalization constants as 

1 

Co 



m 



y/2 ' A/m 2 + (w n - n) 2 

we get the following anti-commutation relations 

r qa qb\\_s.abs. J da qbU _ eabr r ™ c&tl_xat 



(5.27) 



(5.28) 



(5.29) 



The massless fermions # have the standard Fourier expansion in terms of the corre- 
sponding fermion modes S^, satisfying {S£, S%}} = 8 AB S nm . 
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We shall define the vacuum |0) as a state annihilated by a l n , a l n and S®, S®, with n = 
1, oo, as well as by a l Q and Sq. This is a natural definition, since, in particular, it ensures 
the regularity at — oo of the euclidean time axis: the physical states created by acting with 
vertex operators on |0) at r — > zoo must be regular, and therefore the coefficients of e~ 2lWri ' r 
in the Fourier expansion must annihilate the vacuum.lll The representation of the Clifford 
algebra satisfied by the fermionic zero modes is constructed by acting by S Q on the Clifford 
vacuum state. 

The light-cone Hamiltonian can be written as 

H = —p u = — ;— - — / da ( doXid Xi + d\Xid\Xi + 4m 2 x 2 + 9 x Q 9 x a + dix a dix a 



167ra'p„ J 

iS%d 1 S%+iSld 1 Sl + MmSlA ab S b R -iSid 1 Si + iStd 1 St ) • (- r ).30) 



By using the equations of motion for the fermions, we can put it in the form 

H = — ; — / da ( doXidoXi + d\Xid\Xi + 4m 2 x 2 + dQX a dQX a + dix a dix 



16%a'p v J 

+ iS a R d s a R + isidosi + is£d s£ + is£d s£ ) . (5.31) 



This gives 



H=- Pu = ^ + -^H, H = H + H R + H L + N R + N° L , (5.32) 
4p v 2a'p v 



where we have defined (w n = y/m 2 + n 2 , n = 0, 1, 2, ...) 

H =^o(aJa l + 5 at ^) , (5.33) 

oo oo 

H R = Y f w n (a$a i n + S*tSZ) , U L = J^M^n + S$S$ > (5-34) 

n=l n=l 

oo oo 

N R = J2 n i^< + S$S$ , N L = J2 n i*n< + SfSZ) , (5.35) 



n=l n=l 
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The same definition of the vacuum was assumed in [14]. As discussed in pq] , the definition 
of the vacuum state in the zero-mode sector is not, in fact, unique, with different definitions 
corresponding to different orderings of the states in the zero-mode supermultiplet. 
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K = $>(af< + S^S*) , N° L = 5>(a^< + S?St) ■ (5.36) 

The physical states must satisfy the constraint (expressing invariance under translations 
in a) 

N R + N° R = N L +N° L . (5.37) 

Note that with the definition of the vacuum state we have assumed, the normal ordering 
constants have cancelled between the fermionic and bosonic contributions, both in the 



string-oscillator and the zero-mode sectors. The same Hamiltonian was given in [14 



The string states are then constructed by acting by the creation operators on the 

4pv 



2 

vacuum. Apart from the translational contribution in 4 directions x a this results in a 



discrete spectrum of states. 

5. 3. Equivalence of the supergravity parts of the spectra of the NS-NS and R-R models 
The NS-NS and R-R plane-wave models correspond to the two S-dual 3-form back- 



grounds. The S-duality is an exact global symmetry of the type IIB supergravity |3^] , and 
thus the spectra of fluctuations of the supergravity fields near the two S-dual backgrounds 
must be in one-to-one correspondence.l-1 That implies that the zero-mode (i.e. the a' — > 0) 
parts of the spectra ( 4.17|) and (|5.32|) of the two string models we have discussed above 
must be equivalent. 

That the two string models are indeed equivalent in the point-particle (a' —>■ 0) limit 
follows directly from the form of the corresponding light-cone string actions. The bosonic 
parts of the two actions (cf. (|2.11| ) and (|5.1| ),( ^6|) ) have the same target space metric 
part, while the extra _B mn -coupling term in the bosonic action does not contribute in 
the point-particle limit. The fermionic actions (|2.19| ) and (|5.7| ) are related by a rotation 
of the fermions: the H mn k and F mn k terms in the covariant derivative ( p.4| ) are related 
by the transformation of 9 1 (or Sl,Sr) that rotates the matrix /°3 = 

Pi = ( ? n ) ; the difference between the kinetic terms of the "left" and "right" fermions 



x 1 °, 

disappears in the particle limit (<9+ — > <9_ — > |<9o). 

It is easy to see then the two zero-mode partition functions Z$ =Tre _ ^° coincide, 
and are equal to Z$ = 16( }^^^ m ) 4 - The bosonic contributions are obviously the same. 
The fermionic contribution follows easily from ( 5.33 ). To reproduce it in the NS-NS case 



1 C) The same applies of course to the case of the AdSs x S 3 NS-NS and R-R backgrounds. 
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one may use the GS formulation where the action is given by (|2.19 ) and the 7io part of 
( fll7| ) is Hq = m( Jl — Jr) where in GS representation the zero- mode parts of the angular 
momentum operators Jl,r are given by the ~ So(7 12 + 7 34 )£o combinations. Doing the 
same splitting into (S a , S A ) as above (cf. ( |5.15|) ) and rotating the fermions one arrives at 
the same result for Zq as in the R-R case. 

The equality between the supergravity parts of the respective partition functions shows 
that in the supergravity sector of the the NS-NS and R-R models there is an equal number 
of states for each value of the light-cone energy. It is instructive to see directly from the 
explicit form of the expressions for the NS-NS ( |4.17| ) and the R-R spectra ( |5.33p how 
different states are mapped into each other. From (|4.17|) we get (setting Nl = Nr = 
and omitting the free translational part) 

ftf- NS = m( J L - Jr) . (5.38) 

Using eq. ( |4.2| ), we find that the eigenvalues are 

TVT C3 "NT Q 

£ Q ~ = m(l 1L + l X R + hh + hn) + &ns-ns , &ns-ns = m(2 + s 1L + s 2L - sir - s 2 r), 

(5.39) 

where Il,r = 0,1,2,..., and (for states with Nl = Nr = 0) sl,r can take values 
—l,—o,0,5,l. They do not take these values independently, because of the condition 
Nl = Nr = 0. For example, in the NS-NS sector, where Nl = 1, = 1, their possible 
values satisfy the condition \s\r ± s 2 r\ < 1 , |sil ± $2l\ < 1 • On the other hand, the 
R-R expression ( |5.33|) is 

H R " R = m(a?4 + S^SS) ■ (5.40) 
The occupation number of the modes a l , i = 1, 2, 3, 4, can be any value from to oo, so 
we may call them liL,liR,hLihR- Let us call Sq the occupation number of the fermion 
modes Sq, where Sq = 0, 1. Thus the energy eigenvalues are 

£ R - R = m(l 1L + Iir + h L + h R ) + fc R -R , fc R -R = ™(4 + 4 + 4 + so) • (5-41) 
It is easy to see that the contributions /cr_r, /cns-ns indeed take the same values for the 
different states of the supergravity part of the spectrum. For /cr_r, the possible values 
are 0, m, 2m, 3m, 4m. For /cns-ns, the possible values are indeed the same. The minimal 
&ns-ns is f° r the states with sir = 1, s 2 r = 0, si^ = — 1, s 2 l = 0, and other three similar 
states obtained by exchanging the indices 1 2. The maximal value of &ns-ns ^ s found 
for similar states with reverse sign of the spin, /cns-ns takes only integer values, because 
sir + s 2 r and s\l + s 2 l are always integer. Thus one sees that the possible values are 
&ns-ns = 0, m, 2m, 3m, 4m. To find multiplicities, one should also take into account the 
extra free oscillators. In the NS case, the multiplicity counting is more complicated, but 
the above proof that Z R_R = Z^ S ~ NS implies that multiplicities are the same. Thus we 
conclude that the supergravity parts of the NS-NS and R-R spectra match exactly, as 
required by S-duality. 
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6. Asymptotic density of states in plane-wave string models 

The spectra of the models discussed above have several interesting features. Here 
we will discuss the corresponding density of states at given light-cone energy. We shall 
evaluate its asymptotic behavior at large energy. This may be viewed also as a first step 
towards a study of thermodynamics of the corresponding string ensembles.0 

We shall use the dimensionless light-cone energy £ measured in units of 2a' p v , i.e. the 
eigenvalue of TC in (pi~7|),( |4.16| ),( |5.32| ). In general, the total number dg of physical string 
states with given light-cone energy £ can be found from 

z=j2dsv e = J2 d £ e ~ l3e » t 6 - 1 ) 

£ £ 

Here (3 is dimensionless "inverse temperature" (related to the standard temperature by 

g - 

2a'p v 



(3 — > j4 — ) and the partition function Z is defined by lia 



Z = Tr (e-^) = J ^ dX Tr' ( e -W e 'M^-^)j . (6 . 3) 

The integral over A imposes the level matching constraint (the analog of ( 5.37|) ), i.e. the 
trace Tr is the sum over the physical states, whereas Tr' is the sum over all states of the 
Fock space.El 

Since we shall be interested in the £ — > oo asymptotic form of dg, it will be sufficient to 
evaluate Z for (3 — > (i.e. v — > 1). Having found Z, the integral in (|6.2|) can be computed 
in a saddle point approximation. 



17 To set up thermodynamics analysis may be subtle (in particular, the plane-wave background 
does not admit a straightforward euclidean-time continuation - the plane-wave metric ( |5.1j ) be- 
comes complex). Here we shall simply study the number of string states with given light-cone 
energy at fixed p u . 

18 This Z is the light-cone gauge ("transverse-mode") partition function of a single string. To 
obtain a thermal partition function for a gas of strings in flat space one needs to integrate 
over p + = p u = 2p v , i.e. to compute Z\(f3) = J °° dp v e^ f3pv Z( 2i J p ) (related to the trace of 
& ^ PQ , Po = Pv — Pu = Pv + H) and then to further "exponentiate" it accounting for the statics 
of states, Z(J3) = exp[i J2Zi H 1 ~ (-l) r )^i(r/3)]- 

19 In the flat space case (/ = 0) the constraint can be imposed at the end of the calculation by 
first treating the left and right sectors separately and then setting TLr = Nr equal to Tih = Nl 
in the definition of ds R ,g L . Here we need to impose the level matching constraint by integrating 
over the Lagrange multiplier A since Hr,l are no longer equal to Nr,l (cf. (|5.33 ),( 5~35| )). 
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6.1. Models with R-R background 



We shall first consider the plane-wave models with the 3-form and 5-form R-R back- 
grounds. In the case of the 3-form model with the spectrum (|5.32|) we obtain 



ZnZ. 



O-^str 



1 4- p~^ m A 

Z = 16( i i + e ) 4 



J sir 



2-k 00 

dx n 



n=l 



1 + e 



- f3w„-\-i\n 



1 



n 

n=l 



_i_ g — f3n-\-iXn 



1 



- (3n-\-i\n 



(6.4) 



(6.5) 



In the flat space limit / — > 0, i.e. u> n — > n, ( |6.5|) becomes the standard superstring 
partition function which can be expressed in terms of ^-functions. In computing the zero- 



mode contribution Z$ we have omitted the translational zero-mode term 



4p„ 



111 



The factor 16 in Zo accounts for the degeneracy in the zero mode part of the "free" sector 
(S A , x a ). The zero-mode contribution gives Zq{(3 — > 0) — > 16(^) 4 . 

To evaluate the string-mode contribution Z str in the "large temperature" limit f3 — > 
we shall first ignore the A-dependence (i.e. ignore the level matching constraint) and 
discuss its effect later. Let us formally define (cf.(|6.5|)) 



n=l 



71=1 



(6.6) 



and consider the following "bosonic" factor in ( |6.6|) : rin=i(l ~~ e /3wn ) = e K , where 

oo oo 

K(/3, m) = Y] log(l - e"^™) = - re"^™" • (6-7) 



71=1 



n,fc=l 



To extract the leading /3 — *> behavior, we have to sum over n and identify the terms 



which diverge as (3 — > 0. Let us expand w n = \ln 2 + m 2 = n + ^- + O(^g-). Then 

/3 /cm 2 



e ~f3kw n ^ g-Z^g-^r 



2n 



+ ...) 



(6.* 



where dots represent terms which become /3-independent in the limit of small f3. Using 
the symmetry between the sums over k and n we get 



K — — E 



,fe=i 



1 „ e"^ 



(1 "^ m2) £^ 



+ ... 



(6.9) 
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so that for (3 — > 



K = ~ + ^ + 0(m 4 ) + 0(0) . (6.10) 



We have used that J2T=i W = IT" Thus the leading term at small (3 is independent of m, 
while the subleading contribution does not depend on (5. 

In general, K in ( |6.7| ) can be written as a series of Bessel functions. The resulting 
expression has simpler form if the zero mode contribution (see ( |6.4| )) is included in the 
sum. Using the Poisson formula, we get 

oo OO „ 

log(l-e-^)= / dx e 2 * ixk \og(l-e-P w *) , w x = Vx 2 + m 2 . (6.11) 

n= — oo k= — oo 

Expanding the logarithm and performing the integration we obtain 



uu OO OO q 

log(l - e-f»*>) = -2 E m T a 2 Ki(mv//3V+47T 2 P) , (6.12) 

where Ki is the modified Bessel function. 

To find the explicit m dependence of K in the small (5 limit let us note that 

OK n ^ e~^» ^ 1 7T , 1 . . 

— — = pm > -. a — - — > m > — 7T = — coth7rm , (6.13) 

am ^ w n (l - e-0 w ») P^o ^ vol 2 2m' y ' 

n=l v ; n=0 n 

so that 

^, m )^ir ( / 3) + ilog?^ + .... 

2 7rm 

Expanding in powers of m, one finds 

,K ~ K 0if 3) ( sinh7rm\ 1/2 ^ Kr 7r 2 m 2 



\ m j V 12 

where the second 0(m 2 ) term corresponds to the correction derived in (|6.10| ). The factor 
e Ko{P) j s th e standard f3 dependent factor of the flat-space (m — 0) theory, with the leading 
behavior e K ° = /3" 1 / 2 e"^ (cf. QBTTOD ). 

The analog of K ( |6.7| ) corresponding to the fermionic contribution in ( |6.6| ) is 
Kp(P, m) = Yl^Li l°g(l + e~@ Wn ). It can be analysed in a similar way as in (|6.9|), ( |6.13| ); 
we find that in this case there is no m-dependent factor in the f3 — > limit. As a result, 
we find 

Z R <* const. /3 6 e 2 ^ ( ^L_V . ( 6 .14) 

Vsinh 7rm/ 
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It is easy to see that including the dependence on the Lagrange multiplier A in (|6.5| ) does 
not change the leading dependence on j3. Now instead of (|6.8|) we have 



e -/3kw n +iXkn ~ & - /3kn+iXkn £ - ~ e -/3kn+iXkn n _ ftkm 2 ^ , 

The second m 2 term in the brackets is irrelevant for the leading (3 — > behavior: as above, it 
gives a finite contribution. Thus the density of states as a function of the energy is expected 
to have the same leading large £ behavior as in the flat-space theory, dg ~ e 47rv ^. It 
would be interesting to determine explicitly the m-dependence of the subleading terms in 
d e . 



The same analysis can be repeated for the string model of [ 13l , |I3 JI^] corresponding to 
the plane- wave background |T6[] with the R-R 5-form field of strength /. Here the light- 
cone Hamiltonian can be obtained from ( |5.32| ) by replacing 4+4 by 8+8 massive bosons 
and fermions and discarding the 4+4 massless species (so that now % = 1, 8; a = 1, 8 
and the are no N® R and p\ terms in ( |5.32j ), (|5.37|) ). The corresponding string spectrum 
was described in detail in fllf . Explicitly, one finds 

H = (2a' Pv )- 1 H , H = H +Hr + Hl, H = m{a^ai + S$) , (6.15) 

OO OO 

W* = j>» (cftcb + StfSZ) , H L = J2M*n~< + S^SZ) , (6.16) 

n=l n=l 

w n ee \J n 2 + m 2 , m = 2a'p v f . (6-17) 

The m = limit is the flat string theory limit, while the a' — > limit is the supergravity 
(zero-mode) limit where all string oscillation modes become infinitely heavy and decouple. 



This Hamiltonian has also another regular limit [15|: a' — » oo or m — > oo, i.e. the 
tensionless string limit, where w n m. In this limit there is the same mass scale m at 
all string levels including the zero-mode one: at all levels there are states with the same 
mass as at the lowest (supergravity) level so that one cannot naturally decouple the string 
states from the supergravity states. 

Here we find that Z in ( |6.3| ) takes the form (cf. (|6.4j),(p75l)) 

l_|_ e -/3m g r2n oo ^ + e -/3w n +i\n 16 



1 _L p-^m /* „ 



. (6.18) 



Z — ZoZ s t r , Zq 

- 1 - e j 

n=l 

In the small f3 limit, we get the following estimate for the "unconstrained" right part of 
Z str (i.e. the analog of ( |6.6| )) 

Z R - const. /3 6 e 2 ^ ( . ( 6 .i 9 ) 

Vsinh 7rm/ 

The corresponding density of states as a function of the energy should then have again the 
same leading behavior as in flat space dg ~ e 47rV ^. 
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6.2. Model with NS-NS 3- form background 

Let us now compute the asymptotic density of states in the NS-NS model ( |2.9| ) with 
the spectrum ( f4.15| ),( [Q(3| ). The corresponding type II superstring partition function ( |Q| ) 
is given by the product of the equal left Zj_, and right Zr sector contributions witlS 

Z R (f3, m 1 ,m 2 ) = Tr [e^^"™ 1 J 1R -m 2 J 2fl )j 
[1 + 2e~i 3n cosh(i/3(m! + m 2 )) + e" 2/3n ] 2 [l + 2e~^ n cosh(±/3(mi - m 2 )) + e" 2/3n ] 2 



n 



, (l - e-^ n ) 4 [l - 2e-^ n cosh(/?mi) + e" 2 ^ n ] [1 - 2e"^ n cosh(/3m 2 ) + e" 2 ^ n ] 

(6.20) 



We used the GS formalism expressions for the angular momentum operators ( |4.2| ), where 
the spin operators are 



oo 

»1R = E ( 6 I»+ 6 i»+ - &I„-&i»-) - ^o7 12 So - 1 E 5 ^ 12 ^'. 

n=l ra=l 



oo 

SlL = E (*>1tH-W - &{„_&ln-) - -£o7 12 ^0 - - E ^n7 12 ^n • 
n=l n=l 

s 2i?,L are given by similar expressions with b\ n — > b 2n and 7 12 — >■ 7 s4 . Here b n , b\ are the 
bosonic mode operators in the planes 12 and 34 satisfying [b,b*] = 1. The fermion mode 
operators satisfy {S^} , S^} = 5 ab , {Sq , Sq} = 5 ab . The expression ( |6.2C| ) can be written 
also as 



Z R (f3, m 1 ,m 2 ) 



e* sinh(|/3mi) sinh( 7j/3m 2 )6'|(ir(mi + m 2 ), r)6'|(ir(mi -m 2 ),r) 



4 k 6 (/3) cosh( i/3(mi + m 2 )) cosh(i/3(mi - m 2 ))/9i(rmi, r)^(rm 2 , r) 

(6.21) 

where r = « = n^Li(l ~~ e~^ n ) and #1,2(2, r) are the Jacobi theta functions. As in 
( |BT6|) , here we have omitted the zero mode factor (associated with the Landau quantum 
numbers in (|4.2| ) and the fermion zero modes). Including the zero-mode contribution 
modifies ( |6.21| ) by an extra factor which cancels the hyperbolic sine and cosine functions 



in (|6.21| ). Using the property 9\{z +r, r) = — e~ inT ~ 2l ' KZ 9i(z, r), we see that the partition 
function (with zero mode contribution included) is periodic in mi,m 2 with period 2, i.e. 
is invariant under mi — > mi + 2ni, m 2 — > m 2 + 2n 2 , with integer ni,n 2 . This is a 
manifestation of the periodicity of the full string theory under such shifts of the magnetic 



20 In contrast to the R-R model, here we will keep the parameters /1 and fa (i.e. mi and 1112) 
general. As in section 4 we use hats to indicate the quantum operators. 
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field parameters discussed at the end of section 4 (see also [p~8| , p~9f| ) . In the special case 
nil = m 2 the period of m is 1. 



Closely related computation (with ni2 = 0) in the bosonic case was done in |35[] , where, 
however, a magnetic field parameter was used only as a Lagrange multiplier for the angular 
momentum operator, i.e. the density of states did not depend on it. 

By using the modular transformation property of the ^-function, one obtains the 
following behavior at small (3: 



Zr((3, mi, 1112) = const. (3 e 



6 2ir 2 /f3_ 



mini2 



(6.22) 



sin(7rmi) sin(7rni2) 

Interestingly, Zr (|6.22|) formally coincides (after setting mi = 1112 in (|6.22|) ) with the 
partition function ( |6.14| ) of the R-R spectrum, provided we make the substitution m — > im. 

The number of states with given energy £ and given angular momenta J±r, J 2 r can 
be computed as follows. Let us make the following replacement in ( |6.22|) : mi — > mi + 
m 2 — > ni2 + i , and then consider the expansion 



7 (a 1 - kl a - k2 
Zr{/3, mi + 1 — , m 2 + 1 — 



E 



r l 7LT „—/3(NR—m 1 JtR—m 2 J2R)„ikiJiR+ik2J2R 
u N r ,J 1r ,J 2 r c c 



Nr,Jt_r,J2R 



(6.23) 



Then 

dN R ,j 1R ,j 2 R 



df3e £R P / dk x dk 2 e- liklJlR+k2j2R) Z R (/3 1 m 1 +i^ : m 2 + i^) , (6.24) 
J —00 P P 



£r = N R - mi J 1R - m 2 J 2 R ■ 
The integrals over k±, k 2 can be computed exactly, by using the identity 

k - im(3 f3 2 e (3mJ 



dke 



-ikj 



sinh(7r(fc - im/3)/f3) 2 cosh 2 (/3J/2) ' 



(6.25) 



The remaining integral over f3 is evaluated as usual in a saddle point approximation. 

Combining the left and right sectors and imposing the level matching constraint we 



get, following [35 



d£,J 1R ,J 1L ,J 2R ,J 2 L — (^N R ,J 1R ,J 2R dN L ,J 1L ,J 2 

where d NRyJlRy j 2R is given by (d NL 

,Jil,J2l nas a similar form) 



L/N R = N T , ' 



(6.26) 



dN R ,j 1R ,j 2R = const. 



h 



-19/4 



R 



cosh 2 cosh 2 (^a 

x V lh R ' V £n R 



exp 



2tt(N r + h R ) 



V2h 



R 



(6.27) 
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with 

h R = N R - \ J 1R \ - \ J 2R \ . (6.28) 

Note that the dependence of the density of states ( |6.26|) , (|6.27|) on the magnetic fields 
mi,m 2 is effectively hidden inside N R = Nl, since 

N R = N L = -[£ + nn(Ji fl - J 1L ) + m 2 (J 2R - J 2L )] . (6.29) 

Only the sector with J\ R = Jil, J 2R = J 2 l (or with J\ R — J\l + Jir — J2L = in the 
nil = m 2 case) has density of states which is insensitive to the values of the magnetic field 
parameters mi , m 2 . In general, the exponent in (|6.27|) changes as the magnetic parameters 
are varied. 

The total number of states with given energy can be found by integrating (|6.26| ), ( |6.27| ) 
between the Regge trajectories. The integral seems hard to compute in a closed form, but 
an estimate is made by noting that for any |Ji_r|, \J2r\ < N R ~ £ , the contributions of 
the angular momenta J\ Rl J 2R can be neglected as compared to N R . This holds true in 
the relevant integration region, since outside this interval the integrand is exponentially 
suppressed due to the factor coming from the hyperbolic cosine in (|6.27| ). As a result, we 
find 

d £ = const. £" 15 /4 exp (4 %y /£) ? (6.30) 

which is the same behavior as in flat space. In the above derivation we have implicitly 
assumed that mi^ < 0(y/N R ). This is certainly the case: as mentioned above, this theory 
is, in fact, periodic in mi 2 with period 2, so that mi^ can be restricted to the interval 
< mi 2 < 2 (in the interval 2 < 111^2 < 4, the roles of the zero-mode oscillators and some 
non-zero mode oscillators are exchanged). 

7. Plane-wave models with reduced supersymmetry 

A simple way to generalize the above plane wave models maintaining their solvability 
but reducing the number of supersymmetries is by adding twists in spatial 2-planes. This 
amounts to shifting the polar angles of eq. (|3.5| ) as cpi j2 — * <fi 2 + bi ;2 i/j, where i(j = i/; + 2itR 
is a compact coordinate of a circle of radius R (see e.g. [^l|,|8]). The corresponding 
background is locally (but, for generic 61,2, not globally) equivalent to ( |3.5| ). While in 



the special case b\ = b 2 , this procedure breaks only half of the supersymmetry p8]| , for 
generic 61 , b 2 all supersymmetries are broken. For the fermions, the effect of the twists is 
equivalent to adding a locally trivial connection. 

We will consider two cases: when ip is one of the extra 4 flat coordinates x a , and the 
case when ip is the same as y = h(u + v ). In the latter case we will need first to generalize 
the previous discussion to the case when y direction in (fll|) is periodic. 
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7.1. NS-NS model with ip = x§ 

Here the metric in ( |3.7| ) becomes (a = 5, 6, 7, 8) 



ds 2 = dudv - (ffrj + f 2 r 2 )du 2 

+ drj + rl(d<p! + btdx 5 ) 2 + drl + r\(d^> 2 + b 2 dx 5 ) 2 + dx 2 a . (7.1) 
The solution of the corresponding generalization of the string model ( |3.7| ) proceeds along 



the same lines as in the case of the models in [ |lq|T9|j31|1 : the twists simply modify the 
boundary conditions for the world-sheet fields. 

Let m and w represent the Kaluza-Klein momentum and the winding number as- 
sociated with the x$ direction. A shortcut way to obtain the spectrum is by using the 



observation of [31] that the spectrum of the twisted theory can be obtained from the 



spectrum of the untwisted one by the formal replacements: 



m — > m — b\RJi — b 2 R J 2 , 
N R -> N R - b lW RJ 1R - b 2 wRJ 2R , (7.2) 
N L -> N L + b lW RJ 1L + b 2 wRJ 2L . 



Then from (|4.14|) we find 



a'(E 2 -p\-p>- p\) = 2(N L + N R ) + olR~ 2 {m - b x RJ x - b 2 RJ 2 ) 2 + 

a 

+ a'p 2 y - 2a'(p y + EftMJm - J 1L ) + f 2 (J 2R - J 2L )\ 

- 2b lW R(J 1R - J 1L ) - 2b 2 wR(J 2R - J 2L ) . (7.3) 

This model has no supersymmetry if bi 7^ b 2 , and has 8 (counting real supercharges) 
supersymmetries preserved when bi = b 2 . 

7.2. NS-NS model with ip = y = \{u + v) 

Here the generalization of the metric in ( |3.7| ) is 

ds 2 = dudv - (f 2 rl + flr\)du 2 + dr\ + r 2 [<i^i + \b x (du + dv)] 2 

+ dr 2 + r 2 [dp 2 + \b 2 (du + dv)} 2 + dx 2 a , (7.4) 
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where y = h(u + v) is assumed to have period 2nR. As was already stressed above, in the 
case of compact y direction (and thus periodic u and v) the string models (|2.4j ) and ( |276| ) 
are no longer equivalent for generic fi^RE^ 

Let us first ignore the twists in the two 2-planes and generalize the results of section 4 
to the case of compact y. Following [ljj (i.e. modifying the light-cone gauge condition by 
an extra a-dependent term) one finds that for compact y the spectrum (fO|) of the NS-NS 
model (|2.4|) develops the following dependence on wR 



E 2 -P 2 a = ^{Nl + Nn) + % + ^ - + ^ + E){ h J XR + f 2 J 2R ) . (7.5) 
a' R z a' R a' 

The spectrum ( 4.14 ) of the model ( |2.6|) is replaced in a similar way by 



E' 2 -pl = ^(N L + N R ) + 1 ^r- 2{% + E') [h{J 1R - J lL ) + f 2 (J 2R - J 2L 



+ V ^T~ 2^[f 1 (J 1R + J 1L ) + f 2 (J 2R + J 2L )} . (7.6) 

Here the integers m, w represent the momentum and winding numbers in the direction y. 
The spectrum ( [775] ) is the extension of the spectrum of the model studied in |TjJ to the 
two-parameter (fi, f 2 ) case. 

The difference between the two models is due to the fact that the coordinate redefini- 
tion in ( |3.6| ) now introduces a modification in the boundary conditions. The compact ver- 
sion of the model (p.4|),( p7T8| ) with the spectrum ( f?T5| ) has 12 supersymmetries if fi = ±f 2 , 
and none in the opposite case (see discussion below ( |2.19| )). The compact version of the 
model model (|2.6|), (|2.19| ) with the spectrum (|7.6|) has no supersymmetries for generic /i, f 2 



and 8 supersymmetries if fi = ±f 2 . For special values f±R — f 2 R = n = 0, 1, 2, ... there is 
an enhancement of supersymmetry from 8 to 16 supercharges. 

Let us now include the twists &i, b 2 in the two polar angles. Let us first consider the 
spectrum of the (bi,b 2 ) twisted version of the model (|2T4l), (|2.18j ). Using the prescription 
( [772] ) in the spectrum (|7.5|), we get 

a' - in 2 R 2 

a'E 2 - a' P 2 a = 2(N L + N R ) + — (m - b x RJ x - b 2 RJ 2 f + — 

R A a 



21 The case /1,2-R = ni t 2 = 0, 1, 2, is special since in this case the coordinate transformation 
|3.6| ) is globally defined and the two models are still equivalent. 
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777 a a. ?/; /? ^ ^ 

- 4a' (- - 61 Ji - 62 J2 + — + + / 2 J 2 fl) 

R a' 

- 2b lW R(J 1R - J 1L ) - 2b 2 wR(J 2R - J 2L ) . (7.7) 

The spectrum of the twisted version of the model ( |2.rj| ),( |2~TPD whose metric is ( |7.4j ) can then 
be found using the observation that the corresponding generalizations of the models ( |2.9| ) 
and (|3.5| ) are formally related by: (i) the shift of the twist parameters: b\ — > bx + fx, b 2 — > 
^2 + /2j and (ii) the shift of the energy in (|4.12|) . Indeed, going from ( pTi] ) to ( |2.6|) is 
equivalent (see (|3.6| )) to the twist (fx, 2 — ► <Px,2 + f 1,2(11 ~ t). The shift by /i )2 t produces the 
redefinition of the energy ( |4.12[ ), while the shift by fx, 2V is equivalent to the redefinition 
of the parameters b± 2 — > &i,2 — /1 2- As a result, we find 



J = 2{1\ L + 1\ R ) +- 

m' 



a'(E' 2 - pi) = 2(N L + N R ) + (m! - b x RJ x - b 2 RJ 2 ) 2 + — f 

R z a' 



- 2a'(— - 61 Ji - 62 J2 + E') [h(JlR ~ JlL) + f2(J2R ~ J2L)} 

- 2wR[(b 1 + h)J lR - (61 - fx) J XL + (b 2 + h)h R - (b 2 - h)J* L ] ■ (7-8) 



The same result can be obtained also by directly applying the prescription (|7.2|) to the 
spectrum (|7.6|) . Note that for fx = f 2 = 0, the spectrum ( [T.8|) reduces to that of [pl| , |36| , p8| . 

For general values of the parameters all supersymmetries are broken. In the special 
case of bi = 62 and fx = /b (modulo simultaneous change of sign of 62 and f2) the 
twisted versions of the model (gg),(gTTg),([777]) and the model (gg),(g3g),([7g) have 6 and 
4 supersymmetries respectively. 

7.3. R-R model with compact y = i(w + t>) 

Finally, let us comment on the generalization of the R-R 3- form model (|5.1| ), (|5T2|) to 
the case of the compact y = ^(u + v) when u and v are periodic with period 2-kR. In 
the case of the plane-wave background supported by Fs-field similar to (|5.2| ) the formal 
solution for the 32 Killing spinors |JBJ is periodic in u with period 2rcf~ 1 . That means that 
all light-cone gauge supersymmetries will be broken unless fR = n, n = 1, 2, ... .H In the 
present case of the i^-background (|5.2|) for generic fR we will still have 8 supersymmetries 



22 Without imposing the light-cone gauge one still finds 16 Killing spinors by restricting the 
constant spinor by the condition (Fi234 + r567s)eo = 0. This condition has no solutions in the 
light-cone gauge, as follows from T v eo = together with MW property. However, it is not clear 



how to realize this supersymmetry at the level of string theory of [13|. 
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preserved, corresponding to translations in the "massless" S£ R fermionic directions (the 
number of supersymmetries will be enhanced to 16 if fR is integer). This is indeed the 
same amount of supersymmetry which is present in the "compact" version of the NS-NS 
model in the corresponding "S-dual" i^-background discussed in section 2 and above. 

The "compact" version of the R-R model can be solved by choosing (as in the NS- 
NS case [jl8f ) the following generalization of the light-cone gauge: u = 2a'p u r + 2wRa, 
where w = 0, 1, 2, ... is the string winding number and p u = ^ + E, m = 0, 1, 2, ... (cf. 
( |4.5|) ). The fermionic action in the gauge Y U 6 I = is still quadratic and given by ( |5.3j ) 
with d a x m — > d a u. Assuming d±u ^ and rescaling the fermions to absorb d+u and 
d-U factors, the bosonic and fermionic parts of the action then take the same form as in 
flSD D , (p77| ) , but now with m 2 = f 2 d + ud-U = f 2 [(a'p u ) 2 — w 2 R 2 ]. The spectrum is then 
again given by ([02]) , now with Ap u p v + p 2 a -> —E 2 + (f ) 2 + + p 2 a (cf. O) and 

with the constraint ( |5.37|) being Nr + N# — Nl — = mw. 



8. Conclusions 

Let us summarize the main results of this paper. We investigated the plane-wave 
limits of the NS-NS and R-R AdS^ x S 3 backgrounds and have shown that the resulting 
string models are explicitly solvable. 

In the NS-NS case, the plane- wave model is equivalent to a direct generalization of the 
NW model. Its solution can be obtained as a special case of a solution of the "magnetic" 



model in [ 1^ , IS ] . The spectrum is supersymmetric and, in addition to the usual level 
number operators iV^, Nl, it involves the angular momentum operators Jir,il, J2R,2L 
associated with rotations in the two planes 12 and 34 (i.e. shifts of the angles tp±,2 i n 
the original AdSs x S 3 geometry (|3.1|)). In the compact u,v case, this model may be 
interpreted as describing a constant magnetic field background in closed string theory. 

In the R-R case, the string model can be solved in the light-cone gauge in terms of free 
massive and massless world-sheet bosons and fermions. We have worked out the operator 
quantization in detail, determining the Hamiltonian and physical states in terms of the 
creation/annihilation operators corresponding to the Fourier modes of the fields. 

We have studied, both in the R-R and NS-NS cases, the asymptotic density of states, 
finding similar leading large light-cone energy behavior as in flat space. In the NS-NS 
model, we obtained an explicit formula for the density of states with given energy and 
angular momentum components. It can also be interpreted as a density of states of a 
string in magnetic field. 
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We also discussed solvable plane- wave modes with reduced or completely broken su- 
persymmetry. The corresponding plane wave backgrounds were constructed by shifting 
the polar angles, p s — > ip s + b s i/j, in the same way as in the Melvin model This pro- 



duces a "twisted" identification of space-time points under %j) — > -0 + 2ixR. The resulting 
models include examples with 0, 4, 6, 8 or 12 real supersymmetries. Their spectra contain 
as particular cases the spectrum of the uniform magnetic field model of [[H5], as well as the 
spectrum of the magnetic flux tube model of JJT| and its supersymmetric generalizations 
studied in |36| , ^8 |. 



We have seen that the NS-NS and R-R plane-wave string models corresponding to 
the two S-dual 3-form backgrounds have equivalent supergravity parts of their spectra. In 
general, the S-duality involves transforming the supergravity background, inverting string 
coupling and interchanging fundamental strings with D-strings, and thus it does not a 
priori imply any relation between the stringy parts of the two weakly-coupled fundamental 
string spectra. 

There are a number of open problems and further directions. One may also determine 
massless vertex operators, compute simplest correlation functions and compare them with 
the corresponding expressions in AdS% x S 3 theory before the plane- wave limit (cf. ||37|| ). 
Using the light-cone gauge, one may also solve explicitly for the open-string spectrum, 
determining possible D-brane configurations and comparing with previous results, e.g., for 
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As is well known (see, e.g., H39| ), the Ad S3 x S 3 background is the near- horizon 
region of the NS5+NS1 or D5+D1 system. Adding momentum (wave) along the string 
direction leads to an extremal 5-d black hole with regular horizon and finite entropy, 
which can be reproduced by counting D-brane BPS states at weak coupling and using a 
non-renormalization property of the entropy. It would be interesting to investigate which 
part of this picture survives taking the plane- wave limit, and, in particular, whether the 
knowledge of the full string spectra for the plane-wave models can be useful for the study 
of some aspects of the black-hole physics, thus complementing implicit (supersymmetry- 
based) D-brane methods. 
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